We classify solutions to Einstein's equations in AdS with Ricci-flat boundary metric and with covariantly constant boundary stress tensor, which in general is not diagonalizable, i.e. it does not admit a reference frame. New solutions are found, and in the context of the AdS/CFT duality they should describe a boundary QFT in certain non-equilibrium steady states. Further imposing the absence of scalar curvature singularities leads to a subset of metrics that can be seen as null deformations of AdS or of the AdS soliton. We also outline the procedure of solving the equations when a scalar is coupled to the metric, which holographically leads to non-Lorentz-invariant RG flows.
I. INTRODUCTION
The gauge/gravity duality enables us to explore a wide range of aspects of quantum field theories in the strongly coupled regime [1] . The universal sector of the dynamics on the string theory side in the semiclassical limit is given by Einstein's equation with negative cosmological constant. It is therefore of great interest to classify the solutions to this equation, and explore their structure.
In this paper we classify the most general solution to Einstein's equation with negative cosmological constant subject to the condition that the metric of the dual QFT is Ricci-flat, and the stress tensor is covariantly constant. Our main focus is the case of flat boundary space-time, in which case the classification is solely determined by the form of the stress tensor, for which in general there is no rest frame, i.e. it cannot be put in diagonal form.
Such solutions should correspond to certain non equilibrium steady states, and should be useful for uncovering new non-equilibrium phenomena.
In the next Section we present the most general solution to Einstein's equation in AdS gravity with Ricci-flat boundary metric and covariantly constant boundary stress tensor. In Section 3 we focus on solutions with flat boundary space-time. In this case, the boundary stress tensor admits four algebraically distinct forms, in the sense that they cannot be related to each other by Lorentz transformations. This classification is naturally extended to the corresponding gravity solutions. Next, it is shown that requiring the absence of scalar curvature singularities leads to metrics that can be interpreted as "null deformations" of AdS or of the AdS soliton [2, 3] .
In Section 4 we extend our classification to solutions with Ricci-flat boundary metric.
Here the classification is given in terms of the holonomy group of the boundary metric and of the form of the boundary stress tensor. These metrics can be thought of as dual to out of equilibrium steady states on a Ricci-flat space-time.
In Section 5 we extend the above setup to gravity coupled to a scalar. We show that the system is equivalent to a domain wall coupled to two scalars, and implement on it a well-known method [4] , which simplifies further the structure of the equations of motion by introducing a fictitious superpotential. On the QFT side, the solutions to these equations can be interpreted as RG flows that do not preserve Lorentz symmetry. In Section 6 we conclude with a discussion of our results and the outlook.
II. GENERAL SOLUTION
The Einstein-Hilbert action with cosmological constant is L n G M N , where n is the unit normal of ∂M. S ct depends only on intrinsic quantities defined on ∂M, it is included to guarantee that the boundary stress tensor defined below is finite, and it has the form
where the dots stand for higher derivative terms. From the action (2.1) one obtains the Einstein equations
We choose the coordinate system x M = (u, x µ ) such that the metric takes the form 4) and, for solutions to the above equation one has the behavior [5] γ µν (u, x) → e −2u g µν (x), (2.5)
as u → −∞, which is where we shall place the boundary ∂M. In (2.5), g µν is a d-dimensional metric which we take to have Lorentzian signature. The boundary stress tensor is defined as [6] 6) where in the last expression we neglected higher derivative terms coming from (2.2), and where K µν is the extrinsic curvature of the hypersurface u c = const., which in the coordinate system (2.4) reads
Suppose now that g µν is a Ricci-flat metric, i.e. its Ricci tensor vanishes, and that the boundary stress tensor (2.6) is covariantly constant with respect to the connection of g µν ,
i.e.
where ∇ µ is the covariant derivative compatible with g µν . Then the solution to (2.3) can be written in closed form and it reads, in matrix notation
where u 0 is a constant scalar, T is the matrix that represents the boundary stress tensor, and is subject to
The above result is derived in Appendix A. Taking u 0 → ∞ we obtain an interesting limit case of the above solution, and it reads The way (2.9) and (2.13) are written is not particularly illuminating. In the following two
Sections we shall give a classification of the various forms that these metrics can acquire. For each form we will be able to write the metric in a more transparent way and study various aspects of it.
III. HOMOGENEOUS SOLUTIONS
In this Section we analyze the case in which the boundary metric g µν defined in (2.5) is flat. Up to a coordinate change, we can then take
where η µν = diag(−1, 1, . . . , 1). We will first show that there is a natural classification of the forms that the boundary stress tensor can acquire. Such classification will be inherited by the corresponding gravity solutions.
A. Canonical forms of the boundary tensor
In Appendix (B) we show that the bulk coordinate transformations that preserve the form (2.4), the boundary condition (3.1), and that keep the metric independent of x µ are given by the Lorentz transformations acting on the x µ coordinates and by constant translations in the u-direction. Such transformations act as Lorentz transformations and rescalings of T µ ν . It is then natural to introduce a classification of "canonical forms" of T µ ν with respect to such transformations, i.e. representative forms that cannot be related to each other.
With the choice (3.1), eq. (2.10) becomes
which tells that T µ ν is not a symmetric matrix, and it turns out to be in general nondiagonalizable . In this case there are four canonical forms that T µ ν can acquire, which can be written as
where
is the number of space-time dimensions, and S is a 3 × 3 matrix that has one of the following
where on the right we put the expression for the d-dimensional T µν in components, with
The form (3.5) of the matrix block S has two eigenvectors, with eigenvalues p 0 and p 2 , and γ can be set to γ = ±1 performing a boost along x 1 . When S has the form (3.6) there is only one eigenvector, with eigenvalue p 0 , and when S has the form (3.7) it has three eigenvectors, with eigenvalues ρ 0 ± iρ 1 and p 2 . Note in particular that the forms (3.5) and (3.6) are non-diagonalizable, and can be written in the form Note that with Euclidean metric g µν = diag(1, . . . , 1) this classification would be trivial.
Condition (2.10) would imply that T µ ν is a symmetric matrix, which can then be always diagonalized, and (3.4) would be the only canonical form.
B. Gravity solutions of type I and type IV
We now turn to explore the gravity solutions and study their relation to the classification we gave above. In the reminder of the paper, we shall call metric of type I, II, III or IV the solutions (2.9) obtained from type I, II, III or IV boundary stress tensors, respectively. In Appendix (C) we show that the solution (2.9) has a scalar curvature singularity unless all but one eigenvalues of the boundary stress tensor T µν are equal to 4e
eigenvalue is determined by (2.11), so we have:
for exactly one given i 
with p i =1 = 4e −du 0 . In matrix notation,
Plugging the first case in (2.9) we find
2 By eigenvalues of T µν we mean the eigenvalues of the matrix T µ ν . 3 The fact that having multiple different eigenvalues of the boundary stress tensor leads to singular solutions was known already, see e.g. [9] . which is AdS. Plugging the second case,
which is the black-brane, and u 0 is the position of the horizon, and plugging in (2.9) the third form in (3.10) gives
which is the AdS soliton, where u 0 is the location of the termination of space-time. All the other nonsingular solutions in this class are obtained by acting with Lorentz transformations on the above solutions.
Comparing (3.9) with the possible eigenvalues of (3.7) one easily sees that all the solutions of type IV have scalar curvature singularities for d > 2. For completeness, we quote the expression of these metrics:
where i = 2, . . . , d, and
where ρ 0 , ρ 1 , p i are defined in (3.7), with i = 2, . . . , d − 1 and are subject to (2.11) and (2.12).
C. Gravity solutions of type II and type III: null deformations
As we argued in the previous part, in order to avoid scalar curvature singularities the eigenvalues of the stress tensor should be of the form given in (3.9) . Comparing this with (3.5) and (3.6) we find that type II and type III stress tensors of nonsingular solutions, up to Lorentz transformations, should have the form
where i = 4, . . . , d − 1. In both (3.17) and (3.18), the expression proportional to e −du 0 is the stress tensor corresponding to the AdS soliton when u 0 is finite, and to AdS when u 0 → ∞.
The bulk metrics corresponding to (3.17) and (3.18) can be seen as "null deformations" of AdS or of the AdS soliton. Indeed, plugging (3.17) or (3.18) in (2.9) we obtain a metric of the form
whereγ µν is either AdS or the AdS soliton, and f 1 , f 2 are some functions of the radial coordinate u. These metrics differ fromγ µν by specific combinations involving the vector l µ , which is null with respect to the boundary metric η µν . In this sense, the expression (3.19) can be seen as a generalization of the null deformations of AdS studied e.g. in [2, 3] . They are not a continuous deformations ofγ µν , and they should not be seen as perturbations of the latter. Note also that it is not algebraically possible to have null deformations of the black brane, as the stress tensor corresponding to the latter is not compatible with the forms (3.5) and (3.6), having different eigenvalues in time and space directions. The null deformations arising from the general solution (2.9) are schematically summarized in Table I . The functions f 1 , f 2 in (3.19) depend on the dynamics of the bulk gravity theory. In the reminder of this Section we shall explore the explicit expression of (3.19) in Einstein gravity.
As shown in Table I , in type II solutions we have two null deformations of AdS, as well as two null deformations of the AdS soliton. Plugging (3.17) with u 0 = ∞ in (2.13) we find 20) where
⊥ refers to the other d − 2 coordinates, and γ = ±1. This metric is the prototype of AdS plane wave, which has been studied in particular when γ > 1 [2, 3] . We shall denote the above metric by AdS II + when γ = 1, and by AdS II − when γ = −1. One can show that AdS II + can be obtained from the black brane in the infinite 
which can be seen as a null deformation of the AdS soliton. We shall denote the above metric by Sol II + when γ = 1, and Sol II − when γ = −1. As shown in Appendix D, there is a tidal force singularity at u 0 , which for Sol II + can be reached by time-like geodesics, and for Sol II − can be reached only by space-like geodesics.
For type III solutions we have two null deformations, one of AdS and one of the soliton.
Inserting (3.18) with u 0 = ∞ in (2.13) gives
which we shall denote by AdS III. The singularity structure is similar to that of AdS II − :
there are no geodesics that can reach the IR infinity in a proper time, and thus there is no detection of tidal force singularities.
Plugging (3.18) with u 0 finite in (2.13) gives the type III null deformation of the soliton, 
IV. NON-HOMOGENEOUS SOLUTIONS
In this Section we explore solutions for which the metric g µν defined in (2.5) is Ricci-flat but not flat. Given g µν , a specific solution is determined by plugging in (2.9) a boundary stress tensor that satisfies eq. (2.8), i.e. it is covariantly constant. Such tensors are subject to an algebraic classification that depends on the holonomy group of the space-time of g µν . The holonomy groups of simply connected space-times are Lie subgroups of the Lorentz group, and therefore they can be described by the Lie subalgebras of the Lorentz algebra. We shall restrict to boundary dimension d = 4. The holonomy groups of simply connected Ricci-flat space-times are generated by the Lorentz subalgebras R 1 , R 8 , R 14 and R 15 [7] , which are introduced in Appendix E.
The holonomy type R 1 corresponds to flat space-time, which we analyzed in the previous Section. The holonomy types R 14 and R 15 admit only covariantly constant symmetric tensors proportional to the metric, T µν = λg µν , where λ is a constant. Eq. (2.11) implies then T = 0, and therefore the only possible solution is
which has the same bulk profile of AdS but with a non-flat g µν . The holonomy type R 8 is more interesting. In this case we can have
where λ and γ are constants, and l µ is a covariantly constant null vector, i.e.
with l 2 = 0. Compatibility with (2.11) requires that λ = 0 in (4.2), so that
which satisfies the second eq. in (2.14). Plugging in (2.13), we find the bulk metric
which can be seen as a generalization of (3.20) . One well-known example of type R 8 metric is the pp-wave space-time 
We end this Section by mentioning that any Ricci-flat space-time with nowhere vanishing Riemann tensor and admitting a nowhere zero covariantly constant vector ℓ µ is locally isometric to (4.6) [7] .
V. COUPLING TO SCALARS
The resolution technique that we applied to find (2.9) can be extended to the case in which scalars are coupled to gravity. For simplicity we shall consider coupling to one scalar only, in which case the action is given by
where S ct is the counterterm action, and V (φ) is the scalar potential. In order to have the correct asymptotics, we assume that φ approaches a critical pointφ of V as u → −∞. More explicitly, taking
the behavior of φ near the boundary is given by .
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In order to cancel the divergent terms in (5.1), we then take
where the first term is the gravity contribution (2.2), and the dots stand for higher derivative terms. Finally, we introduce the VEV of the boundary operator O conjugate to φ (0)
where in the last expression we neglected higher derivative terms coming from (5.4).
In the reminder of this Section we outline an approach to find solutions to the bulk equations associated to (5.1) such that, as before, the boundary metric is Ricci flat and the stress tensor is covariantly constant. Additionally, we require that φ (0) and O satisfy
Following the lines of Appendix A, we assume (A13), together with ∂ µ φ = 0 across the whole bulk. We also assume that the extrinsic curvature defined in (A4) is everywhere covariantly constant. 7 With these assumptions, and decomposing γ µν as
the equations of motion become
Eq. (5.10) implies thatγ µν has the form
where b(u) is a scalar, and M µ ν is a traceless covariantly constant matrix. The bulk profile ofγ µν is then described by a single scalar field b. Plugging (5.8) and (5.13) subject to our restrictions on x µ -dependence of various fields in (5.1) gives, up to boundary terms,
The equation of motion obtained from the above action correspond precisely to (5.9)-(5.11) upon substitution (5.13), whereas (5.12) corresponds to the vanishing of the Hamiltonian of (5.14), i.e.
6 As a consequence of diffeomorphism invariance in the bulk, T µν and O satisfy the Ward identity [17] 
In particular, requiring T µν to be covariantly constant implies already ∂ µ φ (0) = 0. 7 In Appendix A we did not make this assumption as we could imply it from the explicit form of the solution The advantage of this structure is that now we can apply the method of fake supergravity to the action (5.14) [4] . Writing (5.14)à la Bogomol'nyi [18] gives 16) where
, and W satisfies the equation
Up to the boundary term, the action (5.16) is a linear combination of squares, so it is extremized by any known domain wall solution, like the ones studied in [20] , can be immediately extended to its null deformations.
VI. DISCUSSION
Our main result was a classification of the gravity solutions such that the background metric of the dual QFT is Ricci-flat, and the stress tensor is covariantly constant.
The most interesting solutions are three null deformations of AdS and three null deformations of the AdS soliton. These metrics do not suffer from scalar curvature singularities. Two null deformations of AdS, i.e. the space-times AdS II − and AdS III, appear to have no tidal force singularities. This is in contrast with AdS II + , and with all the null deformations of the AdS soliton, i.e. Sol II + , Sol II − and Sol III, in which there are geodesics that experience a divergent tidal force towards the IR.
It would be interesting to explore the properties of the states of the dual QFT associated to these solutions. Some work in this direction has already been pursued, for example the behavior of the entanglement entropy and the mutual information for strip shaped regions has been studied in the case of AdS II + , showing interesting features [2] .
In Section 5 we generalized the resolution technique that we used to solve Einstein's equation, coupling the metric to a scalar. Substituting the unit determinant part of the metric with an effective scalar degree of freedom, and simplifying the system further by introducing a fictitious superpotential allows to find nontrivial solutions. These can holographically be interpreted as RG flows that violate Lorentz invariance. While it is easy to generate new solutions, it would be interesting to find some physically meaningful example of such non-Lorentz-invariant RG flows.
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Appendix A: Resolution of Einstein's equations
Consider a (d + 1)-dimensional space-time M with a time-like hypersurface Σ. We shall solve the Einstein's equation
where G M N is the metric on M and R M N is the Ricci tensor. The boundary conditions are
i.e. h µν is the induced metric on Σ, and
where x M is a coordinate system on M, x µ is a coordinate system on Σ, K M N is the extrinsic curvature of Σ, i.e.
where n M is the unit normal of Σ, and h µν and Θ µν satisfy
where R µν [h] denotes the Ricci tensor of h µν , and D µ is the covariant derivative associated with h µν . The first two conditions (A5) and (A6) will allow us to find the solution to (A1) in closed form, and the last condition is necessary for the consistency with the Hamiltonian 8 The resolution presented in this Appendix can be considered as a slight generalization of the derivation given in [21, 22] .
constraint [23] . In a neighborhood of Σ we can write the metric of M in Gaussian normal coordinates, i.e.
where u is the affine parameter that parameterizes geodesics emanated from Σ and orthogonal to it. In this coordinate system, Σ is at a constant value of u which we call u Σ . Eq. (A1) splits into three sectors:
where ∇ µ denotes the covariant derivative associated to γ µν , K is a matrix that denotes the extrinsic curvature tensor with mixed indices, i.e.
and for all values of the coordinate u, we will now work out the solution to (A9)-(A11) with boundary conditions (A5)-(A7). Assuming uniqueness of the boundary value problem, the solution we find is then the most general one with such boundary conditions. Using (A13) and setting Λ = −
which is a first order ordinary matrix differential equation, and (A11) becomes
Eq. (A14) can be split into trace and traceless parts,
Taking the derivative of (A16), and using (A17), we obtain
The solution to (A18) is
plugging it in (A17), we obtainK
where B is a traceless matrix. Plugging the above solutions into (A16), we also obtain the constraint tr
and plugging it into (A11) we get
and the solution then becomes
with tr B = 0, tr
where we defined c = c 1 . From (A6) and the second equation in (A24) we infer that c is a constant. From this fact, from (A6) and from (A23),
which then implies that
everywhere, and therefore (A10) is automatically satisfied. Obviously (A7) is satisfied as it is just (A15) evaluated at u Σ . To obtain the metric we integrate eq. (A12)
which has solution
where we imposed that g = h at u = u Σ . To recover (2.9), we take u Σ → −∞ with
where g µν , T µ ν and u 0 are taken to be independent of u Σ . The solution then becomes
and (A24) implies
Appendix B: Residual symmetries of the metric Consider a metric in the coordinates (2.4) that depends only on u and with boundary condition (3.1). To preserve (2.4), an infinitesimal coordinate transformation ξ P should satisfy
The solution to the above equation is
and the corresponding variation of G µν at u = 0 is
Since we want the metric to remain independent of the boundary coordinates, we require ∂ µ f (x) = 0. We also want the transformations to preserve (3.1), i.e. g µν = η µν . We then conclude that the subgroup of (B2) that satisfies the three requirements mentioned above (B1) is given by the Poincarè transformations acting on x µ .
Appendix C: Scalar curvature singularities
We call scalar curvature singularities points of space-time in which a scalar quantity constructed from the Riemann tensor and its derivatives, such as R M N AB R M N AB , is divergent.
In this Appendix we study such singularities for the solutions discussed in Section III. In the coordinate system (2.4) the Riemann tensor can be decomposed as
where ∇ β is the covariant derivative associated with γ αβ , andR µ νστ is the intrinsic Riemann tensor on hypersurfaces with constant u. For the homogeneous solutions of Section III the RHS of (C2) vanishes, as well asR µ νστ . Consider first type I and type IV solutions, whose boundary stress tensor T µ ν can be put in diagonal form (and can possibly have complex eigenvalues). According to our analysis, such solutions are either of the form (2.9) with u 0 finite, or are of the form (2.13) with T = 0. The latter case gives only pure AdS and there are no singularities. In the former case most of the metrics have scalar curvature singularities at u 0 . To see this, consider the expansion of the extrinsic curvature of (2.9) near u 0 :
We now assume that the above expression is diagonal, i.e. T µ ν = t (µ) δ µ ν . From (C1)-(C3), the Riemann tensor in this region is
where there is no sum on the indices, and the other components are zero (unless related to the above by exchange symmetries). Consider now the tensor
we have S u µ = S µ u = 0, and
where in the last passage of the last equation we used (2.11) and (2.12). The trace of any power of S A B is a curvature invariant of space-time and, in order to have none of such traces to diverge, each of the eigenvalues of S A B has to be finite. From the expressions in (C8) and (C10) we then infer that t (µ) have to be equal to either 4e −du 0 or −4(d − 1)e −du 0 . In order to be consistent with (2.11) and (2.12), the only possibility is that all but one among t (µ) be equal to 4e −du 0 , and the remaining one be equal to −4(d − 1)e −du 0 . For d > 2, this rules out most of the solutions of type I and all the solutions of type IV.
We now extend the above analysis to solutions of type II and type III. From (A23) and the second eq. in (A29), and from the discussion around (3.8), the extrinsic curvature can be written in the form
where D 
where (∂ and we conclude that Sol II + has a tidal force singularity at u = 0, which can be detected by time-like geodesics.
For the AdS III metric (3.22) , the geodesics are generated by the velocity vectoṙ 
Similarly to AdS II − , almost all the geodesicsu 2 will change sign as approaching u = ∞, which corresponds to a turning point of the geodesic. To avoid this turning point it is necessary to have p 0 + p 1 = p 
